A multispectral camera is capable of imaging a histologic slide at narrow bandwidths over the range of the visible spectrum. There is currently no clear consensus over the circumstances in which this added spectral data may improve computer-aided interpretation and diagnosis of imaged pathology specimens [1, 2, 3] . Two spectra which are perceived as the same color are called metamers, and the collection of all such spectra are referred to as the metamer set. Highly metameric colors are amenable to separation through multispectral imaging (MSI).
INTRODUCTION: COLOR AND METAMERISM
While several uses for multispectral imaging (MSI) have been demonstrated in pathology [4, 5] , there is no unified consensus over when and how MSI might benefit automated analysis [1, 2, 3] . This work examines those scenarios in which imaging the spectrum of an object provides salient information not present in a standard color image.
In 1931, the Commission internationale de l'éclairage (CIE) established an international standard in which three "tristimulus" values, (X, Y, Z), uniquely define a color. The continuous transformation between a spectrum and the associated tristimulus value is given as a weighted integral over the visible spectrum. If X i = (X, Y, Z) contains the tristimulus color components and ρ(λ) the continuous absorption spectrum, we have,
where the a ij are the CIE color matching functions, k a normalizing factor, and ρ j the discretely-sampled (measured) representation of ρ(λ). Two different spectra which are perceived as the same color are called metamers. Formally, metamers are different spectral power distributions which induce the same CIE (X, Y, Z) tristimulus value under a given illuminant. Though there are an infinite number of spectral distributions which give rise to each color [6] , it is still possible to calculate a probability function on the metamer set. This gives the proportion of a collection of spectra which maps to a given set of tristimulus values. While the tristimulus values are the standard for defining a color, they are not readily visualized. It is therefore useful to normalize the tristimulus values to attain the relative (x, y, z) chromaticity coordinates,
Since z is uniquely determined by x and y, it is standard to specify the color by (x, y, Y ), where x & y give the chromaticity and Y contains the luminance (lightness) of the color. Under these coordinates, the entire gamut of visible chromaticities may be plotted in 2-D, for a fixed luminance value. This plot is known as the chromaticity diagram. It bears mention that the (x, y, Y ) color space is highly nonuniform, meaning the distance between two colors on the chromaticity diagram is not linearly related to the perceptual difference 1 . MacAdam showed that regions of imperceptible color difference in the CIE (x, y) plane have an elliptical shape ( Fig. 1) [8] . The curved edge of the chromaticity diagram, called the spectral locus, represents light comprised of a single, pure wavelength. If one chooses two points of color on the diagram, all the points on the straight line between these colors can be formed by additively mixing the two. indistinguishable from the color in the center. 2nd from left: 10 6 random, independent spectra mapped to the chromaticity diagram. 2nd from right: The highly metameric colors are the "least pure" chromaticities, centered around the white point (1/3, 1/3). A color of a pure wavelength (one near the spectral locus) is highly improbable and least likely to be strongly metameric. Right: The luminosity component is normally distributed.
ANALYTICAL SOLUTION
It is possible to derive an analytical expression for a simplified case of the metamer counting problem. The visible spectrum is partitioned in to λ intervals with even spacing Δλ. Consider a set of allowable spectra described by a probability density function,
This controls the shape of the spectra; it constrains the collection to have the desired properties of smoothness, shape, physical realizability, etc. Note that the size of Δλ is critical in the characterization of P . If Δλ is small, ρ j+1 is heavily dependent on ρ j (i.e. the spectrum will change little across the two measurements). If Δλ is large, ρ j+1 is no longer so dependent on ρ j , but there is a danger of under sampling the signal. We seek the probability density ψ(x, y, Y )dxdydY , namely that a random spectrum, chosen according to the probability density P , falls into a cube of volume dxdydY centered on (x, y, Y ). This is the quantitative measure of which colors are most likely metameric. The nonlinearity introduced by the chromaticity transformation (Eqn. 2) makes the direct calculation of ψ(x, y, Y ) intractable. Instead, we start by considering the original tristimulus values to first find ψ(X, Y, Z). Additionally, we restrict the problem to the conditions where Δλ is small enough to ensure the sampling frequency is above the Nyquist rate, but large enough that ρ j+1 is independent of ρ j . Under these conditions, P separates into a product of independent probabilities,
Due to the independence of each spectral band, Eqn. 1 is a sum of random variables, a ij ρ j . When λ is taken large enough 2 , the Central Limit Theorem
where Σ is the standard covariance matrix,
and μ the expected values of the tristimulus coordinates,
In the case where all spectral absorption levels are equally probable, P j (ρ) (Fig. 2) matches the associated empirical distribution (Fig. 1 ).
NUMERICAL/EMPIRICAL METHOD
The analytical approach presented in Sec. 2 is highly dependent on the probability density, P (ρ 1 , ρ 2 . . . ρ λ ), of the allowable spectral profiles. Unfortunately, it is rarely possible to integrate this expression for any case besides the separable one of Eqn. 4. In this section, a method for numerically constructing the collection of allowable spectra is introduced. It is then possible to empirically solve for the metamer set, without the assumption that ρ j+1 is independent of ρ j . We begin by collecting a group of domain-specific "library images." For example, these may be images of slides with a common stain or sourced from a common tissue type. From these images, a reference library of the spectra is built. A histogram, H, of the differences between consecutive spectral measurements is taken. That is, we tally the distances Δρ = ρ j+1 − ρ j , Δρ ∈ [−1, 1], for each spectra. Many values satisfying 0 < |Δρ| < 1 imply P (ρ j+1 ∩ ρ j ) ≈ P (ρ j+1 )P (ρ j ), whereas values near zero imply the spectra are highly dependent w.r.t. the step size Δλ.
The idea of this method is to use the histogram of Δρ values as an (appropriately normalized) probability density, from which step sizes are drawn for a bounded random walk. A new spectrum is built by starting with a random seed value, ρ 1 ∈ [0, 1]. Using random Δρs drawn from H, subsequent values are iteratively constructed according to:
Here, "redraw" indicates that a new Δρ is chosen until ρ j + Δρ rand ∈ [0, 1]. In this manner, we build a collection of new spectra with similar 4 smoothness/independence properties to the spectra in the reference library. A large number 4 It is similar, as opposed to identical, because of the artifact introduced from bounding the random walk, which is biased towards smaller steps. Fig. 3 . Chromaticity histograms of two empirical metamer distributions: N = 10 7 spectra embedded from a library of 15 million spectra from peripheral blood smears (top), N = 10 7 spectra embedded from a library of 3 million spectra from breast tissue microarrays (bottom). of these new spectra are then transformed into the (x, y, Y ) space, giving an empirical distribution of the metamer density. We contrast this with simply conducting a large survey of spectra from the reference library images. This method is capable of generating new spectra, thereby circumventing the problem that the most metameric colors would correspond to the most frequently occurring spectra in the library images. Fig. 3 shows two empirical metamer distributions derived according to the above procedure, one from a data set (15 million library spectra) of Wright-stained peripheral blood smears, and one from a set of hematoxylin/DAB-stained breast tissue microarrays (3 million library spectra). Both decay considerably faster from their maxima than the independent case, but extend closer to the spectral locus on the chromaticity diagram (with measurable probability).
DISCUSSION
Under the independent spectra assumption used in Sec. 2, it is clear the most highly metameric colors are the colors farthest from the spectral locus on the CIE (x, y) chromaticity diagram and having luminosity centered at Y = 50. This is mathematically explained by the vanishing probability of drawing λ independent values, with just one being appreciably nonzero. Intuitively, it means that chromaticities comprised of many spectral wavelengths (such as white) have more permutations with the same "sum" in human perception. Middle column: heatmap of the metameric probability assuming independence. Right column: heatmap generated from the empirical method described in Sec. 3. The empirical values are plotted on a log scale for visualization purposes. The maximum value corresponds to the peak of the probability density function. Fig. 4 shows an important application of metamerism for histopathological imaging. Given an a standard color image and choosing a distribution on P (ρ 1 . . . ρ λ ), we determine a priori which parts of the image have a high probability of being metameric. If a color has a higher probability of being metameric, it is more likely that MSI will improve the task of distinguishing two structures which have similar color, but different absorption spectra. To give a specific examples, consider the leukocytes and lymphocytes (large, darker cells) in Fig. 4 . Since a small portion of the allowable spectra maps to these chromaticities, it is less likely a multispectral image will be more informative than a standard image. In the breast tissue, it can be seen that the lighter hematoxylin stain on the stroma is more likely metameric than the darker, DAB-stained epithelial cells.
Specification of the probability P is the most difficult barrier to the quantitative application of these methods; for real MSI applications with narrow bandwidth imaging capabilities, the approximation that P (ρ j+1 ∩ ρ i ) ≈ P (ρ j+1 )P (ρ j ) begins to break down. Additionally, the same tristimulus values may be highly metameric under P , but not under a different P . There is therefore a trade-off between picking a generic model, such as the one used in Sec. 2, vs. an application/domain-specific model, which carries the risk of yielding probabilities that simply reflect the frequency of occurrence in the training library.
Both empirical and analytical approaches to metamerism are informative to the task of determining worthwhile applications for MSI in pathology. Particularly advantageous is the fact that, once an appropriate P is specified, the degree of metamerism may be estimated without the need to first image the specimen with a spectral camera. Future studies are planned to determine how well these a priori estimates work for specific pathologies.
